KNOT THEORY NOTES T - el

IL] = odd = Quen powets

9] Foundations

L=t
2 V(L) encat), |i1: even » odd powers v(n= 2
Dfn: an ariented  knot  in R3 s an ‘isotopy cass  of emveddings K ¢ S' & RP.
Crossing  number
Dfn: o Kew diagram is o smeth map §:S' 2R st F(A A wpes', " T .
i ¥ = F(p'), pmen  the inkersection is transverse, and we have an <ps = T A B"’v\ = T <DV gmere <DOv i E A:v. el
tedering, ond Nno  briple  intersection. vegin ~
. i 2
Tem:) almost an  projections oF knots R SR are hnot diograms- Let M) = maximum  power of A in <P
m(D) = WMinimum pPower of A in <o
Reider meister  woves : __/ / MDD = maximum power of Ada <DS, = Zvi +21Dy\
’ .
R1: I —_— {b RT: | —_ B RLL: //\_, % my(®) = minimum  power oF A ia <D>y = ZVi -—21ipyl.
H . ~
lewmma: it D is o (onnected planar diagram with N Crossiags,
Wesl + IDv-l ¢ ne
1] Jones Palynomial
Knot -
Popi There is o tmap ¢ > laagams 3 — LTA,BY sakistying ) _ )
9 <g> =i Colorings, Atternating diagrams (D) = # crossings in D
The locar e Definition: say L is nonsplit if evey diagmm D  representing L is
_ - P Connected.
¢ @>= A¢cD>+A®> set B -AT-K That . L FLUle for Ly, Lz nonemphy.
y <@> = 8<O>

Dfn: a diagram D is alternatng if crosings aliernate  between Over and  under

lemma: | evewy planar dingram  has exadly 2 checkerboard  colorings

Equivalently, X i::\(, )y of X _

\ ) ( form  4wo new planar gmphs B(D) , wi(D).
Vi 4 +

At 4 crossing: 2 possibilities \< \<
Rem: < > is invariont under RI and ROl when We set B = —p >-A%- . T

But RI is never: (0> = K¢S,

We'll say ihat a Coloing i Consistent if all cromings are T or all crossiage are .

IF D is an oriented link diagram, +hen every crossing looks [ike

Lemma: if D s a (onnected planar diagmm, then D

[}
P/ >Z Gonsisient  FE D is aWermatiag.
X

~ve onssing 4ve coring

Lemma: i D is @  connected aWemating  diagram , +hen
le} na(pl:= # of 1 Crossings. The writhe 0f © is w(p) = n+(D) -n-(D), oy-1 + Ipvel= ceo) t2

Thm: & Dis a link diagram, +hen

o) : = € -a%) "oy Dfn: A Cmsing € of D is npugatoy if D looks ke
is invariam Under  Reidermeister  mowves. Y . G=F . 0 . N m_‘*
4 I D
Dbn: if L 15 oan oriented link ,

c
V() = (-a?) by

. We 5oy D is ceduced if it has no nugatoy  cromsing
where D is any diagram of L, is +he unnormalized Jones polynomial  of V-

Lemma: if D is a reduced , Qlfernaving odliagram,

Conhary:  IF D s o diagmm OF e unknok, Fhen DY = (-8%) “ma‘ then wm®) = m( <o>.) = -n-2I>|
and M) = M({D>vt) = n+ 2IDuval.
Bewer nwmaiiation e  Normalired  Jones polynomial of L s
Comllay:  if D is a reduced aliernaving diagram, then M(D) - m(D) € gnty
\_I(L) - v divid _A-ac?
v = 2= = — ivide by -A
L(a) 8 V(o) q,'--h'-"b/

Definition: A Connected planar

groph G s Sman  if eveny edge IS gither a
oop o a bridge

Operations on knots and Links:

) Proposivion = If G is smal, 3nen
Orientadion sal: (reverse on all components )
It e l 9 G hos a unique maximal iree
b
'\/ -vx +ve siays tve ) 16 ®

iS  any planar diagram, with aB(D) =G, then D can
Cr®)> = (DY, w(r®)) = WD) be unknotted Using oaly RI moves (s he uaknot)
5
X qx e oy ~ve. NGr) = WD) and  vCreo) = vCL

Definition: lev (@) = TTCG = Tis a maximal Mc}

«eB> = <D)\AHA-| ) Ww(®) = -Ww(D) « o )
(=D A RO o then  Zlail ¢ # (e
Mijrcor : x - A > fﬁrohavy ' q ( ) , n
N(T) = N g a , T IR ]| e

Theorem: ' if D is a connetted aliernating diagram, then

o
Digjoint union: <o ube? = LDV w(p,ub) = WD)+ w(bs) @ MO s akernating - and
o v Zlwl = (vl = # e
W(LUk) = VL) V(L) VL UL) = v(t) it ) V| e
Comnected sum VUKE#EL) = V(K V(K) Definition:  iF L is a link, W5 determiaam i3 det (U= V(L |qtai ]
sum: J s '

L osplit 5 det(t)= 0 -

it L is auernating, der(L) = # (k)




U Alexander Pelynomial

Definition: the exterior of a compact submanifold NCM s M\ J(>'()), where H(B'(V)) is the
interior of a fubular heighbourhood of N in ™M

Lemma: 16 K: ' <y 53, 4hen  VUsye i trivial.

n
Propositiont suppose L: LIS' O 8P i o o Then

L HAE TR
Ha(Ed = | gn it s
A it * =0

ond M (E) = Cmy ™D ypece  m; i3 dne  Mmedidion  oF 4he % Camponemt

Propesitien:’ 3) (1Y) Tt
DO o €(T) we [Y], where ¥:5' =T s a simple

closed curve  {ff o is primitive (i-e. o3 KB R some k1),

N, s T wk (¥ =), then Y Y.

Seifert Surkaces

Theorem: eveny ¥ &S} has a  seiferr Surface

Seifers's algorithm:  gven a diagum D of k, constuct a seifert surface

1. Give eveny cwssing Hhe oriented  resolutien:
X—=11-%

2. ResuHing diagram has no cressings, ond a natardl  origntation coming

fom +he orientation on D.

3. let € be a circle OF #e cesulting  diagram. It  bounds @ disk  Dc CRY .
et Ne = mod 2 # of circles in the veSolved diagram  thar  separdte ¢ from o

Let rcz=o if € is oriented Counter clockwise, and rfec=t if C s oriented clockwise.

Orient D¢ according to sum ne +rc
Color D¢ red if Metre i odd, and blue if  ncdcc is even-

4. AHach a band X of surface ot each crossing .

Euler charaderistic X = # circles - # crossings
of Seifert surface:
(detract t graph)

Fom  homology: X = |-29, 3= genus
Tundamental Goup of Link Exterior

Dehn presentarion:  Owenerators  are  Finite regions of R’ \Dgmph-

/ —  xvyhw' =1

| \']

Relarions “>  crossings :

2
infinite region (orresponds | € T (EL)

Wirkinger  Presentasion:

Let P be an oriented planar diagam . An arc of D is part of D that I can
dmw  (without lifting  up the chalk.

¢ 4there are N crossings, dhen #here are n arcs.  The Group Gwi  has  generaters
¥y, ¥n > arves and relations  wi,. WA Corresp. b Crossings.

Suppose  Ne, Ny CM are  smosth  submanitelds . Ny and N, are  Qmbient isstopic
iF dheres o diffeomorphism F: MM such that

1) #(ne) =N,

1) £ o~ oidm

D F: MA\Ne S M\,

Theorem: (compoct) isotopy = ambient isviopy

Corollary: Lesls isetopic  and jo,ji tubular nhoods, +nen S’\-’"’“]ﬂ % 5%\ Tm ()

Alexander Polynomial

obelionization map: -1 :W(Ee) = H(E) T I connected Covering space p: € = Ek
with  Kerld T (BN Gipeek = MCER) /op 11 T 7

Definition: Ep B twe jafimive cyclic cover of Ek.

Definition: 4we  Alexander modute of K is A(K) = W(Ec) as a module over
R= LLHCE)] = HLza) * Z0tY'] were 4 x = o ().

ek ) = M(E) , ACK) = ACE).

Theorem (Gordon + Leuke) -

if Ex 1S orientodion presewing  lomeomorphic to  Ex', +hen K “ik'

Rg * QU+
Structure Theorem For  finively generated  modules over a P.I.D:
5 W€, @) ¥ Ra"e (Re/p @ ® Ra/e)
— -
free Torsion
Lemma: W (€ 7@) s a Torsien moduie over Ra..
C:‘“ (Rg) = C‘““(;p) ®a Meot where  Meog = K‘/@;-\).
rR@
R Consequence : Ak @) M®/p, ®...@ "o, i 4 Tosion wodule.

v

Ag() = TP € Rq

Define +he  Alexander polynomial

4 be the “order” of A(K) . This is well -defined up 4 X by units in Rg,

i-@. up 4o multipication by Cct', where CE@, i €.
A Rlis= 0-modute )
Example: * w(t)~ 1 (take (b Module
o By e v A -p
Fibered Wnots

Definition : k ¢ 5> is  Bwed i€ Ex  Pibres over -

Pop: ) IF Ex Fibres over s' with monodomy £: T 2T, then EvTIXR. The action
oF he odeck group i) generated by he map (xt) m (@00, £4),

Corvllany: (P Ex  Fibres over §'  with monodromy  £: T >, then
Ak (t) ~ det (t1 - P+)

where Wi H(Z) = Hi(Z) is the homomorphism induced by the dromy

Comhary: 1F K is a fipered ®not, then Ax(t) is monic and of degree 29,
where g s the genus of Ehe Fibre.

Definition: Suppose M is @ module over a commatative ring R. Then M i Finitely  presented
it there's an €xactt sequence
O sg" SR™ I M o

ond tnis sequene is a presentarion of M.

16 ez (0, 1,..0) € R™, shen T(e),.., Flem) are generwors , gnd P&, P(en) are

op
relavions  berween the generators M rows, h columns.

m
Weite  P(e}) = Z‘ PHCi.  Say wmaxn maix (P)) is a presentodion maatex  foc M.
it

Dencte : generaters @i W(Ei), © mws
relavions  ¢j= P(ej) . o columns

Po
Movel:  gdd a generatnr amer Ond relation gmti= o P = (0 |
add bdvial relatien P — (P0)
veplace gemevator @i with Ait«0) =3 W g, =E'“"ma( Pl- « i‘!». ow of P)
replae relation  ri with Yi ) 2 i col = (thatwp) 4 p)ih @ ot P)

multiply ©W) O by units

R o URD = %8k, dhen  Q8(8u -, @k) el defined up B X by unit-



Din: €o(?) = gad(Lea(®) | ¥ - mxm submatax of - Pfn- P 4 Qoup preientalion  wi m generatrs and - relobon, et
. nxn
P and P' rerated by € emontany mae, S  €o(P) ~ ealp!) () = e(ne) = sdldesA | & is an (m-)em-) submarix of Rp)
] ae

Din. M a finitely presenved  module over @ UFD, Wen  define to(M)* eo(P).

Props ) (Coj] =) der mp% = (lail-1)aernp

Multivariable Plexander Polynomia)
L wxp) =W
let o = i \ KX > L*

Din: universal abelian  Cover P: €L E. {5 the (oanecied (overing space given by

the hKernel of the abelionisation map V-1 : W (EL) = HCEL) 2 Lmyer, mnd> > 2" ( N y

- ; 10i| <) AGG) ~ o det(Apd
Greck > HICELD) ST | 5o WCE) @5 o medule over 7 CH(EQ]> L] Corollany: ~ ade(hei
T u'lill”,,h.’-‘] =:Re

RLis a UFd
Summany ot Colculatig  Ehe  Alexomder poynomial of O liak L:
DFn: the multivariable  plexonder polynemial  A(L) = to (Hi(EJ) €RL 35 wel W cacutare  w (Ex).
defined up +o Mulh'?li\‘.nh'nn \)g o unit ia R, i-e. ge."‘,.. §h¢“ .
¥ Can calwite ke  ynulbivaviable Rlexander  polynomial A(L) by ealculoting
We  wukivaviable  Alexander pownomian of A (m( e).
Fox  Calculus (} perermine (o - Sucture of Tx, X , fom MI(EK).
X o-cel p, 4 -CONS @y, i0m , N T-CEWS Wi, e along  words in OG'S, (3) Define p: ¥ X  the comnecred Covering spae  of X Oociaved o kerl:) € mK)
— H(x) - ™ (<)
n): Coastm Lwyoway , WO = 10T | g A0z /Tt (%) Wbt cel soucture of X B ene on X \ia Civeck ¥ Tkenr = BOD = 0®
avelioniaotion wap: U1 = MO = W) — W ¥t (surjective) (5)  Consider ane Cell thoin omplex o5 an Remodule , &= WL MY WCEE . LEY)
a (o) { ra>n)
X X Comespond to erl-l. Then  Goer ¥ 1 Caluxiare un Alexander mawix AX ( represeniing da . Can check dzedizo)
L X has  cell  Simacture 5€, 9€ Gipeck. = Ay(t) ~ A("'I(“)) = Qd(d"i A\'x‘) ) wWhere B i an  (m-D)x(m=1) = wxn

Sub mabix of Ax
Cels in ¥ ove |Em ot ce 10 X, 3 din G O (o ues v acien  of aoeck, Rem:Dif L is o knov, nen  der(Ap,a) ~ A(Ex)

—_— b3
3 00D 5 a chain mpex guer TCHMKN] = LT [TRAN - |

Seifers genus

Giives presentation for W,(X) - Dfn: koS3 hoot . 9(K): = wmin 3 90) * S is o seifert surfae & k}
(1) da d
6 <:.,-\ii$—,<-‘.,'t:':‘..—>_" §;> Props) g(K) =0 & k=l
~
Boundavy  maps : Ex via Seifert Ssurfaces
@ @) il -0 o d (el Lamie) lemma:) VsYs tivial »  v(s) > SXC-ui) Ly Es = S*\ im (u() . Then
R SR , where Ax = (dawil, do;wi is e Fox derivarive BEs s SXTUB0SKTLT 0 SX S 365 has gews 296). (g5 dousle of )

: 4, - . Lo . p—
da; (\"\;u;;) = E‘ ln,."'...u.n.. ‘ dﬂi(“l’k‘) A 1905)

) . . . lemma: €5 (onmected, and  W,(Es) > ¢
d () = 85, an () 85 (- 1a57)
Lemwa: S a yodule over R= LCH(E] * 7L kg'] , RN Y corer (ti-e ~i4x),
temmay)  dai (we)) = da(w) + \widg(w') where Ui+ ore induced by incusios L4 S — 54 € 3Es, e
irs s () = we(es)

Group presentations: G = Cayym | we, o, wnY Finitely presented group
-—

entavion P) .
4 (pres entation Twn  (seifert) = i K s a Wnot, then deg(AK“\) ¢ 29(x)

assotiave  cell compex Xp i\ -CeMS <P @i _cens = w) . Ap 7 Axp alexander marax
S Remi) i K alternaing o €10 cossings, then deg( Axl(t) = 29(K).

Ap ©
W) odd new gemeratsr Gptr ond pew relation  amtrzo - Ap ™ Lo

. ; - N :

® odd il eatn Ay = [hp 0] Fibred Kno¥S:  cx Ciores bver 5' wi connected Ffibre ©

> ¥ a Sefert ace i
B) mulkiply mme relation by anaer: ' x (B 8m | Wi wiwg, e e Sfert surface for % L compare ) second prob a0 existence).

e apt M) o Rp

- Cor® g(K) =g(¥)
W) replae wj with W)’ AW mulply Rk Rp by lail (a unit) !

Cor ¢ iF Kis Gibred, bhen Ax(t) s monit

Tietze: P and P' preceniations of iso i s, then @n get fom :
i mo rphit grups, we 9 statement s FE when K is aBemaling o € [0 uwsings

P w P by a sequene of Tietae moves.




